Using event-driven molecular dynamics simulations, we quantify how the self diffusivity of confined hard-sphere fluids depends on the nature of the confining boundaries. We explore systems with featureless confining boundaries that treat particle-boundary collisions in different ways and also various types of physically (i.e., geometrically) rough boundaries. We show that, for moderately dense fluids, the ratio of the self diffusivity of a rough wall system to that of an appropriate smooth-wall reference system is a linear function of the reciprocal wall separation, with the slope depending on the nature of the roughness. We also discuss some simple practical ways to use this information to predict confined hard-sphere fluid behavior in different rough-wall systems.
I. INTRODUCTION
This paper is organized as follows. In Section II, we describe the model fluid studied in this work, as well as the simulation methods used. We then discuss how wall-surface roughness is implemented in Section III. Results are presented and discussed in Section IV.
Finally, we present conclusions and directions for future work in Section V.
II. MODEL FLUID
Event-driven microcanonical molecular dynamics (MD) simulations 28 were used to study a fluid composed of hard spheres of diameter σ and mass m with interaction potential
where r ij is the distance between particles i and j. Event-driven MD consists of four basic steps: (1) Calculate future events (collisions) times. (2) Sort events to determine next event to occur. (3) Advance system to next event using Newtonian dynamics (free flight). (4) Execute event (collision) to determine new particle velocities, and return to (1) . Various methods are available to speed up the general algorithm. The exact method used in this study is described in Ref. 28 . A rectangular simulation cell of dimensions L x × L y × L z with N = 4000 particles was used throughout this work. Periodic boundary conditions were applied in the x and y directions in all cases, and in the z direction for the bulk fluid. For the confined fluid, where the z direction was non-periodic, appropriate wallboundary conditions (see below) were employed. The dimensions of the simulation box were chosen to correspond to a desired reduced number density ρσ 3 (or packing fraction= πρσ 3 /6), and such that the dimensions of the simulation box in the periodic directions were (nearly) equal. Initial configurations for the MD simulations were generated by randomly inserting hard spheres at low density with no overlaps, followed by compression and (MonteCarlo) relaxation steps until the desired density was obtained. The systems were deemed equilibrated when the number of collisions (particle-particle and particle-wall) per unit time reached a constant value as a function of time. Equilibration times of 1000 (mσ 2 /k B T )
1/2
were found to be sufficient to meet this requirement. Production simulations spanned times exceeding 10 5 (mσ 2 /k B T ) 1/2 , which allowed the slowest system to display displacements on the order of 50σ. The (pore-averaged) self-diffusion coefficients were calculated by fitting the long-time behavior of the mean-squared displacement in a periodic direction to the Einstein relation, e.g., D x = lim t→∞ ∆x 2 /(2t). Where appropriate, self-diffusion coefficients in equivalent periodic directions were averaged together.
III. SURFACE ROUGHNESS AND BOUNDARY CONDITIONS
We study the hard-sphere fluid confined between parallel hard walls in a slit-pore geometry. To avoid any confusion, we point out that none of the walls studied here exhibits internal structure. That is, the walls are of uniform density and can be regarded as a continuum solid. Let H denote the average distance between the two surfaces of the confining walls. In this work, we study two general types of wall surfaces. The first involves flat walls
where the boundary conditions for the particle-wall collisions have been modified. These walls model surface roughness on a length scale much smaller than the diameters of fluid particles, and thus, because the surfaces are geometrically flat, they are referred to as featureless surfaces (walls). The second type of surface studied here possesses physical (i.e., geometric) roughness, i.e., the height of the wall surface varies with lateral position, and thus they are referred to as physically rough surfaces (walls). Schematics of each type of surface are given in Fig. 1 .
A. Featureless Walls
We considered three different types of boundary conditions for particle collisions with featureless walls. As a useful reference state, we first considered flat, smooth walls (SW), where the fluid-wall collisions are specular. The second type of featureless surface studied was a so-called thermal wall (TW). This model boundary attempts to reproduce particle collisions with a surface uneven on length scales considerably smaller than the particle diameter, the essential feature being that pre-and post-wall collision velocities are uncorrelated. More importantly, the distribution of post-collision velocities is determined by the temperature of the wall. The third type of featureless surface gives an alternative approach to generate uncorrelated pre-and post-wall-collision velocities. We refer to it as a rotational wall (RW)
for reasons that will become apparent below.
In order to distinguish between the featureless walls with different boundary conditions, consider a particle with a pre-wall-collision velocity v = (v x , v y , v z ), and a post-wall collision
For the cases considered here, the components of v are as follows.
• Smooth walls (SW): v x = v x , v y = v y , and v z = −v z
• Thermal walls (TW): v z is chosen according to the following distribution 29 depending on wall temperature T w (set equal to fluid temperature T ):
where the sign of v z depends on the location of the wall collision (i.e., positive for lower wall collisions and negative for upper wall collisions). v i (where i = x, y) is chosen randomly from a Gaussian distribution:
• Rotational walls (RW): v z = −v z , and the lateral components v x and v y are determined by rotating the corresponding components of the pre-wall-collision velocity v x and v y by an angle θ:
where θ = ±θ, with the sign chosen randomly. Note that θ = 0 corresponds to smooth walls, while θ = π corresponds to bounce-back boundary conditions.
Note that the boundary conditions described above affect the dynamics of the system only. Because all three of the above walls have the same geometrical form and produce the same velocity component distributions, they lead to identical thermodynamic and structural properties 29 . This was verified by the simulation results.
We note that the featureless walls described above are not intended to model any specific physical system. Rather, they are mathematically convenient course-grained models for surface roughness. For example, the motivation for the thermal walls goes back to Maxwell 30 , who considered collisions with a highly uneven low density granular surface. Particles that strike this type of surface undergo a series of collisions with many different surface molecules.
The resulting outgoing velocity is expected to be randomized, with a distribution determined by the temperature of the wall. We also stress that the rotational walls introduced here are not intended to mimic any type of real system. Instead, they should be considered a mathematical construct that allows us to change the surface boundary condition in a continuous fashion from perfectly smooth (θ = 0) to rough (bounce-back, θ = π) walls, with the system having identical thermodynamics for all values of θ. This allows us to study how different levels of surface roughness impact the dynamics of the model fluid without changing thermodynamics.
B. Physically rough walls
For a physically rough surface, we intuitively expect that the height of the surface should vary with lateral position. For simplicity, we use the following expressions for the upper and lower wall surfaces in a slit-pore geometry:
where the subscripts L and U denote the lower and upper surfaces, respectively, and a w and λ are the amplitude and wavelength of the well-behaved surface variations, respectively.
Figure 1b displays the geometry of the physically rough walls employed. As written in Eq. (5) and depicted in Figure 1b , minima in the upper wall and maxima in the lower wall are aligned, which imposes a maximum value upon a w if a fluid particle is to have access to the entire pore length. The average surface-to-surface distance is H as long as the quantity L y /λ is an integer, which is true throughout this work. Because we have chosen to have the height of the surface be a function of only y, the system is spatially inhomogeneous in the y-direction and homogeneous in the x-direction. This will have important consequences for the self diffusivity of a fluid confined between these surfaces.
The rigid character of the confining walls was maintained by requiring perfectly reflecting specular particle-surface collisions. However, instead of solving the set of nonlinear equations to determine particle-surface collision times, which is computationally expensive, the curved walls were discretized into a set of short, connected line segments of length 0.015σ. Using smaller segments does not lead to noticeable changes in the resulting properties of the systems studied here.
We stress that the specific form of the physically rough walls studied here is not intended to mimic a specific physical system. Rather, they allow us to systematically determine the impact of different surface feature sizes on the self-diffusivity of our model fluid.
IV. RESULTS

A. Featureless Flat Walls
We first present results for the hard-sphere fluid confined between smooth, flat hard walls. In Fig. 2 the smooth, flat wall, roughness due to the thermal wall has a clear and noticeable influence on particle dynamics. Thermal walls reduce particle mobility, with the magnitude of the reduction increasing with decreasing H. That average mobility of fluid particles confined between thermal walls decreases with ρ at fixed H has been previously reported.
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The interesting trend we quantify in this study is the reduction of D TW with increasing degree of confinement at fixed ρ. This behavior can be understood by considering the quantity f w , the fraction of collisions in the system involving the surfaces of the confining walls. Intuitively, we expect non-specular particle-surface collisions, such as those that take place in the thermal-wall systems, to slow dynamics in the transverse direction relative to specular particle-surface collisions. We base this expectation by considering the free flight of a single particle. In this case, specular particle-wall collisions do not change the transverse motion, while non-specular particle-wall collisions do. We also expect that the fraction of wall collisions grows with the prominence of the walls (the fraction of the fluid particles near the walls), that is, with decreasing H. That is, in order to maintain a fixed N and V , a decrease in H must be compensated by an increase in fluid-exposed wall surface area. Figure 4 shows that this is indeed the case. Decreasing H at constant ρ systematically increases the fraction of wall collisions. Clearly, the reduction in D TW with decreasing H observed in Fig. 3 is directly linked to the increasing fraction of wall collisions. Also, note that the results given in Fig. 4 are not unique to the thermal-wall systems. In fact, all three kinds of featureless surfaces studied in this work yield identical wall-collision statistics. As noted above, the collision boundary conditions only affect the dynamic properties of the fluid and not the thermodynamic properties. The thermodynamic pressure of the system is intimately related to the wall-collision statistics.
While there are clear differences between the smooth-wall and thermal-wall self-diffusion coefficients, D SW and D TW , respectively, these differences appear to depend systematically on H. This suggests that it might be possible to develop an approach to predict the selfdiffusivity of the hard-sphere fluid confined between thermal walls using a limited amount of information. In particular, note the dependence of the fraction of wall collisions on density.
Initially, increasing density leads to a pronounced decrease in the fraction of wall collisions.
This is due to the associated increase in particle-particle collisions compared to particle-wall collisions (not shown). However, the fraction of wall collisions eventually becomes a weak function of density. Since we expect the reduction in self diffusivity due to the presence of rough walls to scale with the fraction of wall collisions, we should likewise expect a similar density dependence of the ratio D TW /D SW .
In Fig. 5a , we plot the quantity D TW /D SW as a function of density. The ratio of the diffusivities is taken at the same thermodynamic state of the fluid, namely at the same density ρ and average wall separation H. Notice that, for each pore width, the ratio of self-diffusion coefficients initially increases with density before reaching a limiting value.
Furthermore, the behavior of D TW /D SW vs ρ reflects that of f w vs ρ. Again, this points to the strong connection between the self-diffusion in a system with rough walls to the prominence of the walls (i.e., the fraction of the fluid near the walls). The diffusivity ratio takes its smallest value at low density, conditions where surface collisions are most influential, and thus, where the greatest difference between the two surfaces is observed. Also, the density at which the ratio reaches a plateau value (ρσ 3 ≈ 0.2) is independent of pore width. This is due to the dominant influence of particle-particle collisions on the mobility of hard-spheres at moderate-to-high densities.
The most striking feature of Fig. 5a involves the H-dependent plateau values for ρσ 3 0.2. In Fig. 5b , we plot all of the data points for which ρσ 3 0.2 versus the inverse pore width H −1 . Fig. 5b shows that the ratio of diffusivities can be well described in this density range by a linear function of H
where the constant C is a fitting parameter, D rough is the self-diffusivity of the fluid between the rough surface of interest, and D ref is the self diffusivity of the fluid at an appropriately chosen reference state under the same thermodynamic conditions. We note that Eq. (6) has, to first order, the same dependence on H as the self-diffusivity of a Brownian particle in the center of a slit-pore. 32 This, in fact, was the inspiration for the functional form chosen in Eq. (6) . For the thermal walls, we take
, and we find that
Assuming sufficient smooth-wall self-diffusivity data are available as a function of density, this provides the basis for estimating the diffusivity of the hard-sphere fluid confined between thermal walls for ρσ 3 > 0.2. To estimate the diffusivity of a fluid confined between thermal walls in a slit pore of width H at density ρ, one calculates two quantities. The first quantity is the H-dependent ratio D TW /D SW using Eq. 6, and the second quantity is the self-diffusion coefficient of the reference system, D SW , which, as discussed in Section I, may be approximated by a scaling analysis. Knowledge of these two quantities then allows for an estimate of the self diffusivity between thermal walls. In Fig. 6 , we test the predictive ability of this approach. The ratio of the predicted to observed thermal wall self diffusivity is plotted against the observed self diffusivity for the thermal-wall system. If the predictions were perfect, the points would fall on the horizontal line D TW /D SW = 1, and this is clearly not the case. However, the predicted data points do fall within the indicated 5% error bounds.
Moreover, we emphasize that to truly make predictions, one must still have knowledge of C and the reference self-diffusivity. Supplementary Materials. 33 Recall that θ is the angle of rotation that the lateral velocity of a particle undergoes after it collides with the surface. Fig. 7a shows that self diffusivity decreases with increasing density at fixed H and fixed θ. In addition, at fixed density ρ, the self-diffusivity decreases with decreasing H. This latter trend, which was also observed in the the thermal-wall systems, is not surprising considering rotational walls, like thermal walls, inherently retard particle mobility, an effect that is most apparent at small wall separations (at the same fluid density). Therefore, recalling that the collision statistics are independent of the boundary condition for featureless walls, the same physics explaining the reduction in mobility due to thermal walls mentioned in Section IV B also applies to rotational walls.
We also expect that the reduction in mobility should increase with θ, since θ controls the effective roughness of the walls. The data presented Figure 7b bear this out.
Figures 8a and 8b again show that rotational walls influence self diffusivity relative to smooth walls in a manner qualitatively similar to thermal walls. Specifically, the ratio of self diffusion coefficients D RW /D SW initially increases with density and then levels off beyond ρσ 3 0.2. In fact, for a given θ, the plateau value appears to be systematically dependent upon H, which suggests that an approach similar to that adopted for the thermal wall system can be used to estimate the diffusivity in the rotational-wall system. Figure 8b shows that the ratio D RW /D SW decreases with increasing θ, indicating that the constant C in Eq. (6) is dependent upon θ. This just reflects the θ dependence noted in Fig. 7b . Accounting for this θ dependence, Fig. 8c shows that diffusivity ratios with densities ρσ 3 > 0.2 are well described by Eq. (6). The inset to Fig. 8c displays the values of C(θ) from the fits. For simplicity, we fit C to the function C = 2.0sin(θ/2), which as shown in Fig. 8c fits the data well. specific form of the fit was based on the fact that C = 0 for θ = 0 (by definition), C is a maximum at θ = π, and C is periodic in θ. Using the procedure outlined above for thermal walls, the self-diffusion of the hard-sphere fluid between rotational walls can be estimated in an analogous fashion. Notice that in the geometry of the physically rough wall system studied (see Fig. 1b) , the x and y directions, though both infinite, are not equivalent. Because the surface height is a function of y only, the y direction is termed rough (inhomogeneous), while the x direction is termed smooth (homogeneous). Also, because of this height variation, we expect the self diffusivities in the x and y directions at the same state point to be significantly different,
with D x > D y . Figure 10 shows these two self-diffusion coefficients separately as a function of density for various values of H and a w . Observe that the self diffusivity in the x direction has little dependence on H or a w . That is, the D x -ρ correlation is almost equivalent to the bulk correlation, much like the case for hard spheres between smooth flat walls (see Fig. 2 ).
This seems consistent with previous results for hard-spheres in cylindrical pores where the surface is smooth and exhibits curvature.
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In contrast, the self-diffusion coefficient in the y direction depends strongly on the degree of confinement (Fig. 10b) and on the amplitude a w of the surface variation (Fig. 10d) . Specifically, decreasing H at fixed wall feature size (constant a w and λ) systematically decreases D y . This behavior resembles that for the fluid confined between thermal walls (Fig. 3 ) and rotational walls (Figs. 7a) . Also, at fixed H, D y systematically decreases with increasing a w (i.e., increasing surface roughness). This effect is analogous to increasing surface roughness (θ) in the rotational wall system (see Fig. 7b ). Also, the slowing down of dynamics due to physical roughness is consistent with previous studies.
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The disparity between D x and D y grows with decreasing H at fixed a w and λ, and with increasing roughness (a w ) and fixed H. Given the close parallels between D y and the selfdiffusion coefficient of the fluid between featureless rough walls, we expect the reduction in D y due to surface roughness should be connected to the fraction of collisions in the system involving the walls. In Figure 11 , we plot f w versus density for the state points considered in Fig. 10 . Fig. 11a shows that f w grows with decreasing H at fixed ρ and a w , while Fig. 11b shows that the wall-collision fraction grows with a w at fixed ρ and H. In both cases, f w grows with the increasing prominence of the walls (caused by decreasing H, or increasing a w ) Also, at fixed wall conditions (e.g., a w and λ), f w initially decreases with increasing density ( 0.2). However, this quantity changes only moderately with further increases in density ( 0.2). This behavior is analogous to that observed in the featureless-wall systems.
Because of the qualitative similarities between the properties of the physically rough-wall system and the featureless rough-wall systems studied above, we now examine the diffusivity
However, unlike the other surfaces encountered in this work, the choice of Likewise, for physically rough-wall system, the reference state should be the self-diffusion of a system at the same thermodynamic state, but without surface roughness. For this, Figure 12a , we plot the ratio D y /D x versus density for various values of H and a w . At fixed H, the ratio initially increases with ρ and then levels off beyond ρσ 0.2. For a specified value of ρ, the ratio D y /D x decreases with decreasing H at fixed surface roughness (Fig. 12a ) and with increasing roughness at fixed H (Fig. 12b) . Figure 12d shows the fit parameter C versus a w for the different surface feature wavelengths λ studied (see Supplementary material 33 ). Clearly, C is much more sensitive to a w than λ. We find that a linear fit to C as a function of a w , although crude, describes that data reasonably well.
From the above analysis, we can now formulate a means to predict the self-diffusion in the rough y direction from the self diffusion in the smooth x direction. Specifically, from Figure 13 shows the quality of the prediction based on this formalism for the state points in Fig. 10 . In Figs. 13a,c we use C from the fits at a given λ (i.e., data points in Fig. 12d) , while in Figs. 13b,d we use the approximation C = 2.12a w /σ (linear fit in Fig. 12d ). We find that using the C for a given wall configuration yields good predictions, with the majority of the data within 10% of the actual data. On the other hand, using the approximate C yields predictions within 25% of the actual value. The information necessary to estimate D y in this case is greatly reduced, but one would still need knowledge of D x to truly make predictions of D y .
V. CONCLUSIONS
We have systematically studied how surface roughness affects the self-diffusion of confined hard-sphere fluids. Specifically, for ρσ 3 > 0.2, we have shown that the ratio of the selfdiffusion coefficient in a rough wall system to the self-diffusion coefficient in smooth-wall reference system is a linear function of reciprocal wall separation [see Eq. (6)], with the precise slope depending on the specific nature of the surface roughness. If this slope and the reference self-diffusivity are known, accurate predictions of the self-diffusion in rough wall systems can be obtained.
In real world applications, however, the specific nature of surface roughness is often unknown. This study leads to two possible ways of making useful self-diffusivity estimates without this knowledge. First, our analysis shows that a only a limited number of measurements are needed to determine C. Second, if only qualitative information is sought, our analysis shows that C is typically of O (1), and that the basic physics of self-diffusion in a rough system relative to that in a smooth system is captured by the H −1 correction in Eq. (6) . That is, the specific nature of the surface roughness does not appear to impact radically or significantly the resulting dynamics. This is particularly important since modeling the specific details of real surfaces is a daunting task. However, it is not our intention to suggest that any type of surface roughness can be modeled in any way one chooses, for example, modeling geometric roughness with featureless rough walls. Rather, the specific details of the surface roughness do not appear to be overly important.
To make predictions for self-diffusion of confined fluids between rough surfaces using Eq. (6), one also requires a prediction of the reference state self-diffusion. As discussed in Section I, one may use a scaling method to map the bulk system to the confined system. For the case of smooth featureless walls, for example, this has been shown to be very effective.
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However, for the case of the physically rough system, one must be able to predict D x . We plan to address this in a future publication.
Another question is whether the results presented in this paper apply to more complex pore scenarios, such as diffusion through porous materials. Such systems have complex geometry and connectivity, as well as rough surfaces. We believe that the simplified geometry studied here, slit pores, is applicable, however, when one considers that many of the properties in such complex systems can be considered as an average over a collection of simple slit pore (or cylindrical pore) systems.
23-27
The lack of particle-particle or particle-wall attractions is an obvious shortcoming of this study. Clearly, wall attractions will greatly alter the number of particles near the wall, and therefore the fraction of wall collisions. As we point out, the ratio of self diffusivity in a rough-wall system to that in a corresponding smooth-wall system appears to be closely linked with the fraction of wall collisions. Therefore, attractions can have a strong effect on the behavior of the self diffusivity ratio. However, we speculate that the introduction of moderately strong wall attractions to the rough systems studied here will result in an increased retardation of self-diffusion and not a fundamental change to the physics. We also plan to explore this issue in detail in a future publication. Physically rough walls error bounds, respectively.
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